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WEAK AMENABILITY AND SIMPLY CONNECTED LIE GROUPS 


S0REN KNUDBY 


Abstract. Following an approach of Ozawa, we show that several semidi- 
rect products are not weakly amenable. As a consequence, we are able to 
characterize the simply connected Lie groups that are weakly amenable. 


A locally compact group G is weakly amenable if there is a net of compactly 

supported Herz-Schur multipliers on G converging to 1 uniformly on compact sub- 
sets of G and satisfying sup, HuiUsj < C for some C > 1 (see Section f for details). 
The infimum of those C for which such a net exists is the weak amenability con¬ 
stant of G, denoted here Awa(G). Weak amenability was introduced by Cowling 
and Haagerup [4]. By now, a lot is known about weak amenability, especially for 
(connected) Lie groups. Simple Lie groups are weakly amenable if and only if they 
have real rank at most one. The non-simple case was treated in [3] in almost full 
generality (see Theorem 1 below). 

A connected Lie group G has a Levi decomposition G = RS coming from a Levi 
decomposition of its Lie algebra g = r x s. Here r is the solvable radical of g and s 
is a semisimple Lie algebra. The groups R and S are the connected Lie subgroups 
of G associated with r and s, respectively. The group i? is a closed normal solvable 
subgroup. The group S is called a semisimple Levi factor of G and is a semisimple 
Lie subgroup. When S has finite center, the authors of [3] were able to completely 
characterize weak amenability of G. 

Theorem 1 ([3]). Let G be a connected Lie group, and let g = r x s be a Levi 
decomposition of its Lie algebra. Let S be the associated semisimple Levi factor and 
decompose the Lie algebra of S into simple ideals as s = Si 0 • • • 0 s„. Suppose S 
has finite center. The following are equivalent. 

(1) G is weakly amenable. 

(2) For every i = 1,... ,n, one of the following holds: 

• Si has real rank zero; 

• Si has real rank one and [Si,r] = 0. 

In that case, 

n 

Awa(G) = P[ AwA(<S'i), 

i=l 

where Si is the connected Lie subgroup of G associated with Si. 

Date: May 6, 2015. 

The author is supported by ERC Advanced Grant no. OAFPG 247321, the Danish National 
Research Foundation through the Centre for Symmetry and Deformation (DNRF92), and the 
Deutsche Forschungsgemeinschaft through the Collaborative Research Centre (SFB 878). 


1 



WEAK AMENABILITY AND SIMPLY CONNECTED LIE GROUPS 


2 


For any natural number n > 1, we let the group SL(2,R) act on R" by the unique 
irreducible representation of SL(2, K) of dimension n. The group SL(2, R) also acts 
on the Heisenberg group H 2 n+i of dimension 2n + 1 by fixing the center and acting 
on the vector space R^" by the unique irreducible representation on R^". 

Apart from some structure theory, the proof of Theorem 1 relies on the following 
result whose proof occupies [6] and the majority of [3]. 

Theorem 2 ([3],[6]). The following groups are not weakly amenable: 

• R" XI SL(2,R), where n>2. 

• i? 2 ri+i X SL(2,R), where n>l. 

In this article, using a recent result of Ozawa [16] about weakly amenable groups, we 
are able to give a new (and much simpler) proof of Theorem 2. Ozawa already noted 
in [16] that his result gave a new proof of the non-weak amenability of xi SL(2, Z), 
which immediately implies non-weak amenability of R^ xi SL(2,R). 

In the study of weak amenability and related properties for Lie groups, the simply 
connected Lie groups are often more challenging to handle than for instance the 
simple Lie groups with finite center (see e.g. [7, 8, 9, 10, 11]). This is partly due 
to the fact that such groups are often not matrix groups and thus more difficult 
to describe explicitly. In this article, we completely settle the weak amenability 
question for simply connected Lie groups (Theorem 4). 

We show that the universal covering groups of the groups appearing in Theorem 2 
are not weakly amenable. Let SL(2,R) denote the universal covering group of 
SL(2, R). The group SL(2, R) acts on R" and H 2 n+i through the actions of SL(2, R). 
We prove the following: 

Theorem 3. The following groups are not weakly amenable: 

• R" XI SL(2,R), where n>2. 

• H 2 n+i X SL(2,R), where n>l. 

As an application of Theorem 3, we are able to characterize weak amenability for 
all simply connected Lie groups. 

Theorem 4. Let G be a connected, simply connected Lie group, and let g = x x s 
be a Levi decomposition of its Lie algebra. Let S be the associated semisimple Levi 
factor and decompose the Lie algebra of S into simple ideals as s = Si © • • • 0 s„. 
The following are equivalent. 

(1) G is weakly amenable. 

(2) For every i = 1,... ,n, one of the following holds: 

• Si has real rank zero; 

• Si has real rank one and [Si,r] = 0. 

In that case, 

n 

^wa{G) = AwA(5'i), 

where Si is the connected Lie subgroup of G associated with Si. 

We expect that Theorem 4 also holds without the assumption of simple connected¬ 
ness, but we have not been able to establish this. 
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1. Weak amenability and semidirect products 

Let C? be a locally compact group. A complex, continuous function u: G —>■ C is a 
Herz-Schur multiplier if there are a Hilbert space T-L and two bounded continuous 
functions P,Q '. G ^ Ti. such that 

u(y~'^x) = (P(x), Q{y)) for every x,y €G. 

The Herz-Schur norm of u is ||u||b 2 = inf{||P||cx 3 ||Q||oo}, where the infimum is 
taken over all P, Q as above. There are other well-known descriptions of Herz- 
Schur multipliers [1], [12], [18, Theorem 5.1]. 

Recall that the group G is weakly amenable if there is a net (ui)i^i of compactly 
supported Herz-Schur multipliers on G converging to 1 uniformly on compact sub¬ 
sets of G and satisfying supj ||ui|[B 2 < G for some G > 1. The infimum of those 
G for which such a net exists is denoted Awa(G), with the understanding that 
Awa(G) = oo if G is not weakly amenable. We refer to [2, Section 12] for a nice in¬ 
troduction to weak amenability. We list below the behaviour of the weak amenabil¬ 
ity constant under some relevant group constructions (see e.g. [4, Section 1] and 
[13]). These results will be needed in the proof of Theorem 4. 

When AT is a compact normal subgroup of G, 

A^a{G/K) = Awa(G). (1) 

For a closed subgroup H of G, 

Awa(P) < Awa(G), 

and if H is moreover co-amenable in G (and G is second 

Awa(P) = Awa(G). 

For any two locally compact groups G and iL, 

Awa(G X H) = Awa(G)Awa(P)- (4) 

The following theorem is the basis for proving Theorems 2 and 3. It relies on 
Ozawa’s work [16] using the technique in [17, Corollary 2.12] (see also [2, Corol¬ 
lary 12.3.7]). In [16], Ozawa proves that if a weakly amenable group G has an 
amenable closed normal subgroup N, then there is a state on L°°{N) which is both 
left iV-invariant and conjugation G-invariant. 

Theorem 5. Let H r\ N be an action by automorphisms of a discrete group H 
on a discrete group N, and let G = N x H be the corresponding semidirect product 
group. Let Nq be a proper subgroup of N. Suppose 

(1) H is not amenable; 

(2) N is amenable; 

(3) Nq is H-invariant; 

(4) For every x € N \ Nq, the stabilizer of x in H is amemable. 

Then G is not weakly amenable. 

Proof. We suppose that G is weakly amenable and derive a contradiction. By 
[16, Theorem A], there is an A^-invariant mean y, on £°°{N) which is moreover 
i7-invariant, where H acts on N by conjugation. 


( 2 ) 

countable), equality holds: 

(3) 
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Since No is i/-invariant, the action H r\ N restricts to an action H r\ N\No. Let 
S' be a system of representatives for the iL-orbits in \ A^o- For any x G S, let 

Hx = {h G H \ h.x = x} 

be the stabilizer subgroup of x in H. We make the following identification of H-sets, 

Af = ATp U y H/H,. 

xGS 

The stabilizer subgroup Hx is amenable by assumption, so we may choose a left 
iLa;-invariant mean ^x on i°°{Hx). Define (px- i^{H) i°°{H/Hx) by averaging 

by Px, that is, 

<Pxif){hHx) = [ f{hy)dpx{y), fGi^{H). 

Then px is unital, positive and iJ-equivariant. Collecting these maps, we obtain a 
unital, positive, iJ-equivariant map £°°{H) i°°{N\No). Since H is not amenable, 
the iL-invariant mean p is concentrated on Nq. But this contradicts the fact that 
p is also A^-invariant. □ 


2. Some semidirect product groups 


For any natural number n > 1, the group SL(2,R) has a unique irreducible rep¬ 
resentation on R" (see [14, p. 107]). It is described explicitly in [6, p. 710]. The 
semidirect product R" x SL(2,R) is defined using this representation. It is clear 
from the explicit description of the action in [6, p. 710] that SL(2,Z) leaves the 
integer lattice Z" invariant so that Z" x SL(2,Z) is a well-defined subgroup of 
R'" X SL(2,R). 

Let H 2 n+i denote the real Heisenberg group of dimension 2n -|- 1. We realize the 
Heisenberg group as R^" x R with group multiplication given by 

(ui,ti)(lt2,t2) = (wi +M2,tl +t2 + {ui,JU2)) 


where J is the symplectic 2n x 2n matrix defined by 

j (-1)-^ iii + j = 2n+l, 

1 0 otherwise. 


For j = 1,..., 2n, let 

'2n-iy/^ 

J -1 y 

The irreducible representation Z of SL(2,R) of dimension 2n can be realized (in a 
different way than above) as 


where 

We refer to [3, Section 2.1] for more details. In [3], it is shown that the map 
Z: SL(2,R) —Aut(iL 2 n-i-i) given by 


Z{A){u,t) = {Z{A)u,t), HeSL(2,R), {u,t) G H 2 n+i, 
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defines an action by automorphisms of SL(2,R) on H 2 n+i- It is with respect to the 
action Z that we define the semidirect product i? 2 rt+i SL(2,R). 

Consider the lattice A 2 n = 0 • • • 0 in and let 



where N = a\ - ■ ■ a^n- 

Lemma 6. r 2 Ti+i is a discrete subgroup of H 2 n+i which is invariant under the 
action o/SL(2,Z). 

Proof. Observe that a 2 n+i-j = ctj for any j = 1,..., 2n. It follows that JA 2 n = 
A 2 n, and (iti, JU 2 ) € for any ui,U 2 G A 2 „. This shows that r 2 Ti+i is a subgroup 
of H 2 n+i, and clearly r 2 „+i is discrete. It is easily checked that if A G SL(2,Z), 
then Z{A)A 2 n C A 2 „. It follows that r 2 „+i is invariant under SL(2,Z). □ 

Let SL(2,R) be the universal covering group of SL(2,R). The Lie group SL(2,R) 
is simply connected with a covering homomorphism tt: SL(2,R) SL(2,R). The 

kernel of tt is a discrete normal subgroup of SL(2,R) isomorphic to the group of 
integers. We let SL(2,R) act on R" and H 2 n+i through SL(2,R), and in this way 
we obtain the semidirect products 

R”xiSL(2,R) and iJ 2 n+i xi SL(2, R). 

We define the subgroup SL(2,Z) of SL(2,R) to be SL(2,Z) = 7r“^(SL(2, Z)) and 
obtain the semidirect products 


Z” X SL(2,Z) and r 2 „+i x SL(2,Z). 


Lemma 7. A proper, real algebraic subgroup o/SL(2,R) is amenable. 

Proof. Let iJ be a proper, real algebraic subgroup of SL(2,R). By a theorem 
of Whitney [21, Theorem 3], H has only finitely many components (in the usual 
Hausdorff topology) (see also [19, Theorem 3.6]). Hence, it suffices to show that 
the identity component of PI is amenable. 

Since 77° is a connected, proper, closed subgroup of SL(2,R), its Lie algebra f) is a 
proper Lie subalgebra of s[(2,R). Hence, the dimension of f) is at most two, and tj 
must be solvable. So 77° is solvable and, in particular, amenable. □ 

Lemma 8. Let n>2. For any x G Z" with a; 0, the stabilizer of x in SL(2,Z) 
is amenable. 

Proof. The stabilizer in SL(2, Z) is precisely the preimage under tt of the stabilizer 
in SL(2,Z). Since the kernel of tt is amenable, and amenability is preserved under 
extensions, it suffices to show that the stabilizer in SL(2,Z) is amenable. 

The stabilizer of x in SL(2,R) is a real algebraic subgroup. Moreover, since x 
0, the stabilizer of x is proper, and hence by Lemma 7, the stabilizer of x in 
SL(2,R) is amenable. It follows that the stabilizer in the closed subgroup SL(2,Z) 
is amenable. □ 
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In the following lemma, we consider the action of SL(2,Z) on r 2 „+i previously 
described. Note that the center of r 2 n+i is precisely {{u,t) G r 2 n+i | u = 0}. 

Lemma 9. Let n > 1. For any non-central x G r 2 n+i, the stabilizer of x in 
SL(2,Z) is amenable. 

Proof. As before, it suffices to prove that the stabilizer of x in SL(2, R) is amenable. 
If we write x = {u,t) G r 2 „+i, then the stabilizer of x in SL(2,R) is 

{AgSL(2,R) I Z{A)u = u} 

Clearly, this is a real algebraic subgroup of SL(2,R). Moreover, since u ^ 0, the 
stabilizer of x is proper. By Lemma 7, the stabilizer of x in SL(2, R) is amenable. □ 

Proof of Theorem 3. Case of R” xi SL(2,R): The group Z" xi SL(2,Z) is a closed 
subgroup of M" xi SL(2, R) (in fact a lattice), so it suffices to prove that Z" xi SL(2, Z) 
is not weakly amenable. This is a direct application of Theorem 5 with H = 
SL(2,Z), = Z2, and No = {0}. 

Case of P[ 2 n+i XI SL(2,R): The group r 2 n+i xi SL(2,Z) is a closed subgroup of 
H 2 n+i X SL(2,R) (in fact a lattice), so it suffices to prove that r 2 „+i x SL(2,Z) is 
not weakly amenable. This is a direct application of Theorem 5 with H = SL(2, Z), 
N = r 2 n+i, and Nq equal to the center of r 2 n+i. □ 

Proof of Theorem 2. Similar to the proof of Theorem 3. One just has to replace 
SL(2,Z) by SL(2,Z). □ 

Remark 10. Note that we have in fact proved that the following discrete groups 
are not weakly amenable: 

• Z" XI SL(2,Z), where n > 2. 

• Z" XI SL(2,Z), where n > 2. 

• r 2 „+i XI SL(2,Z), where n > I. 

• r 2 „+i X SL(2,Z), where n > I. 

3. Simply connected Lie groups 

This section contains the proof of Theorem 4. First we review the structure theory 
of Lie groups that is needed in the proof, in particular the Levi decomposition (see 
[20, Theorem 3.18.13]). 

Let G be a connected Lie group with Lie algebra 0 . We denote solvable radical 
of 0 by rad( 0 ) or r. In other words, r the maximal solvable ideal of 0 . There is a 
semisimple Lie subalgebra s of 0 such that 0 = r xi s. The semisimple Lie algebra s 
is a direct sum s = Si © • • • © of simple Lie algebras (for some n > 0). If i? and 
S denote the connected Lie subgroups of G associated with r and s, respectively, 
then i? is a closed, normal subgroup of G and S is maximal semisimple but not 
necessarily closed. Moreover, G = RS as a set. The group S, which in general is 
not unique, is called a semisimple Levi factor. If G is simply connected, then S is 
closed, i? n S' = {1} and G = i? xi S as Lie groups. 

For a connected, simply connected Lie group G, we will prove that the following 
are equivalent. 
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(1) G is weakly amenable. 

(2) For every * = 1,..., n, one of the following holds: 

• 5i has real rank zero; 

• 5i has real rank one and [Si,r] = 0. 

The following proposition can be found in [5] (see the proof of [5, Proposition 1.9]) 
and essentially appears already in [3]. Let t)„+i xi sb denote the Lie algebra of 
X SL(2,]R) and let t} 2 n+i x sb denote the Lie algebra of H 2 n+i SL(2,R). 

Proposition 11 ([3],[5]). Let g be a Lie algebra with solvable radical r and a Levi 
decomposition g = r x s. Write s = Sc ©Snc by separating compact factors Sc (rank 
zero) and non-compact factors Snc (positive rank). Exactly one of the following 
holds. 

(a) All non-compact factors of 5 commute with r.' [r,s„c] = 0. 

(b) g has a subalgebra f) isomorphic to Ci„+i xsb or l) 2 n+i xisb for some n > 1, 
where rad(f)) C c and sb C s^c- 

Lemma 12. Let G be x SL(2,R) or H 2 n+i x SL(2,R), where n > 1. The 

semisimple Levi factor of G is unique, and if Z is a central subgroup of G contained 
in the semisimple Levi factor, then GjZ is not weakly amenable. 

Proof. If R is the solvable radical of G, then [R, i?] is central in G: the commutator 
group [i?, i?] is trivial in the hrst case and in the second case equal to the center of 
iL 2 n+i, which is also central in H 2 n+i x SL(2,R). By [20, Theorem 3.18.13], any 
two Levi factors of G are conjugate by an element of [i?, i?], and hence, in our case, 
they are actually equal. 

The center of SL(2,R) is isomorphic to the group of integers. If Z is the trivial 
group, we are done by Theorem 3. Otherwise, Z has finite index in the center 
of SL(2,]R), and GjZ is isomorphic up to a hnite covering to x SL(2,R) or 

H 2 n+i X SL(2,R). Then we are done by Theorem 2 and equation (1). □ 

Proof of Theorem 4 . When G is simply connected, the Levi decomposition ex¬ 
presses G as a semidirect product G = i? x S', where R is the solvable radical 
and S is closed and semisimple (see [20, Theorem 3.18.13]). Both R and S are sim¬ 
ply connected. Decompose the Lie algebra of S into simple ideals s = Si © • • • ©s„. 
Recall that two simply connected Lie groups with isomorphic Lie algebras are iso¬ 
morphic. If Si is a simply connected Lie group with Lie algebra Si, then S is 
isomorphic to the direct product Si x • • • x S„. We split S into the compact factors 
Sc and non-compact factors S„c, S = Sc x Snc- 

Assume first (2) holds. Then Snc is a product of simple factors of rank one, so 
Snc is weakly amenable (see [4], [11]). Morevoer, S„c is a direct factor in G and 
the quotient G/S„c is i? x Sc. As Sc is compact and R is solvable, the group 
G/Snc = R X Sc is amenable. It follows from (3) and (4) that G is weakly amenable 
with 

n 

Awa(G) = Awa(S„c) = AwA(Si). 

i=l 

For the last equality, we also used the obvious fact that Awa(Sc) = 1, since Sc is 
compact. 
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Assume next that (2) does not hold. Let X>k+i x sh denote the Lie algebra of 
X SL(2,]R), and let f) 2 fc+i x sb denote the Lie algebra of H 2 k+i x SL(2,]R). 

If some Si has real rank at least two, then the simple Lie group Si is not weakly 
amenable (see [7, Theorem 1]), and since Si is closed in G, it follows that G is 
not weakly amenable. Otherwise some Si has real rank one, but [Si,r] ^ 0. By 
Proposition 11, the Lie algebra g contains a subalgebra f) isomorphic to O^+i x 5(2 
or f) 2 fc+i X s [2 for some fc > 1, where rad(f)) C r and s [2 C s. Hence G contains 
a Lie subgroup H locally isomorphic to x SL(2,]R) or H 2 k+i x SL(2,R). We 
claim that H is closed and not weakly amenable. 

Let h = to X So be a Levi decomposition of h, that is, to is Ofc+i or \) 2 k+i and 
So = s[ 2 . Let i?o and So denote the connected Lie subgroups of G associated with 
ro and So, respectively. 

The group So is a semisimple connected Lie subgroup of S and hence closed [15, 
p. 615]. Moreover, So is locally isomorphic to SL(2,R). The group Ro is simply 
connected and closed in R (see [20, Theorem 3.18.12]). Clearly, So normalizes Ro 
and H = RoSo, and since moreover RCiS = {1}, we get that H = Ro X /3 S'o, where 
/? denotes the conjugation action of So on Ro- In particular, H is closed in G. 

Let So be the universal cover of So (so So = SL(2,R)) and consider the semidirect 
product H = Ro yip So 1 where So acts on Ro through the covering So —t S'o and 
the action of S'o on Rq. The group H is simply connected and hence isomorphic to 
X SL(2,R) or H 2 k+i ^ SL(2,R). The group is a quotient of by a central 
subgroup contained in the Levi factor of so by Lemma 12 the group H is not 
weakly amenable. It follows that G is not weakly amenable. □ 


References 

[1] Marek Bozejko and Gero Fendler. Herz-Schur multipliers and completely bounded multipliers 
of the Fourier algebra of a locally compact group. Boll. Un. Mat. Hal. A (6), 3(2):297-302, 
1984. 

[2] Nathanial P. Brown and Narutaka Ozawa. C*-algebras and finite-dimensional approxima¬ 
tions., volume 88 of Graduate Studies in Mathematics. American Mathematical Society, Prov¬ 
idence, RI, 2008. 

[3] Michael Cowling, Brian Dorofaeff, Andreas Seeger, and James Wright. A family of singular 
oscillatory integral operators and failure of weak amenability. Duke Math. J., 127(3) :429—486, 
2005. 

[4] Michael Cowling and Uffe Haagerup. Completely bounded multipliers of the Fourier algebra 
of a simple Lie group of real rank one. Invent. Math., 96(3):507—549, 1989. 

[5] Yves de Cornulier. Kazhdan and Haagerup properties in algebraic groups over local fields. J. 
Lie Theory, 16(l):067-082, 2006. 

[6] Brian Dorofaeff. The Fourier algebra of SL(2,R) X3 n > 2, has no multiplier bounded 
approximate unit. Math. Ann., 297(4):707-724, 1993. 

[7] Brian Dorofaeff. Weak amenability and semidirect products in simple Lie groups. Math. Ann., 
306(4):737-742, 1996. 

[8] Uffe Haagerup and Tim de Laat. Simple Lie groups without the approximation property. 
Duke Math. J., 162(5):925-964, 2013. 

[9] Uffe Haagerup and Tim de Laat. Simple Lie groups without the approximation property H. 
Preprint, to appear in Trans. Amer. Math. Soc., 2013. 

[10] Uffe Haagerup, S 0 ren Knudby, and Tim de Laat. A complete characterization of connected 
Lie groups with the Approximation Property. Preprint, arXiv:1412.3033, 2014. 

[11] Mogens Lemvig Hansen. Weak amenability of the universal covering group of SU(1, n). Math. 
Ann., 288(3):445-472, 1990. 


WEAK AMENABILITY AND SIMPLY CONNECTED LIE GROUPS 


9 


[12] Paul Jolissaint. A characterization of completely bounded multipliers of Fourier algebras. 
Colloq. Math., 63(2):311-313, 1992. 

[13] Paul Jolissaint. Proper cocycles and weak forms of amenability. Preprint, arXiv:1403.0207, 
2014. 

[14] Serge Lang. SL 2 (R). Addison-Wesley Publishing Co., Reading, Mass.-London-Amsterdam, 
1975. 

[15] George Daniel Mostow. The extensibility of local Lie groups of transformations and groups 
on surfaces. Ann. of Math. (2), 52:606—636, 1950. 

[16] Narutaka Ozawa. Examples of groups which are not weakly amenable. Kyoto J. Math., 
52(2):333-344, 2012. 

[17] Narutaka Ozawa and Sorin Popa. On a class of IIi factors with at most one Cartan subalgebra. 
Ann. of Math. (2), 172(l):713-749, 2010. 

[18] Gilles Pisier. Similarity problems and completely bounded maps, volume 1618 of Lecture Notes 
in Mathematics. Springer-Verlag, Berlin, expanded edition, 2001. Includes the solution to 
“The Halmos problem”. 

[19] Vladimir Platonov and Andrei Rapinchuk. Algebraic groups and number theory, volume 139 
of Pure and Applied Mathematics. Academic Press, Inc., Boston, MA, 1994. Translated from 
the 1991 Russian original by Rachel Rowen. 

[20] V. S. Varadarajan. Lie groups, Lie algebras, and their representations, volume 102 of Grad¬ 
uate Texts in Mathematics. Springer-Verlag, New York, 1984. Reprint of the 1974 edition. 

[21] Hassler Whitney. Elementary structure of real algebraic varieties. Ann. of Math. (2), 66:545- 
556, 1957. 

Mathematical Institute, University of Munster, 

Einsteinstrasse 62, 48149 Munster, Germany. 

E-mail address: knudby@uni-muenster.de 


